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Abstract
By wusing well-known inequalities, we construct numerous interesting and significant links among various

weighted divergence measures in this study. Basically, this work applies well-known information theory inequalities Except
various relations, we tried to get bounds of Ny (P; Q; W), Jx(P; Q; W), Ax(P; Q; W), Ex(P; Q; W), S*(P; Q; W), L(P; Q; W),
Ym(P; 0; W), R, (P; Q; W) in terms of weighted divergence measures. Some relations in terms of weighted Arithmetic Mean
A(P; Q; W),weighted Geometric Mean G*(P; Q; W),weighted Harmonic Mean H(P;Q; W) ,weighted Heronian
Mean N (P; Q; W), weighted Contra Harmonic Mean C(P; Q; W), weighted Root Mean Square S(P; Q; W)and weighted
Centroidal Mean R(P; Q; W), are also obtained.

Keywords: Standard Inequalities, weighted Divergence Measures, Convex and Normalized function, Csiszar’s
generalized f- Divergence Measure, Seven Standard Means.

1 Introduction
Let

L={P=ub,...5)0 >0 b =1n>2

be the collection of all weighted discrete probability distributions that are finite.
Only for convenience, discrete distributions are limited in this case; identical
findings apply to continuous distributions as well. If we take f)i > () for some i =

1to » ,then we have to suppose that 0 f (0) = Of(g), =iwip, =1

By properly specifying the function f, numerous divergence measures can be
derived from these generalized f- measures. Due to its compact nature, provided

by Csiszar's f- divergence, Ct(P; Q) = ¥i-; q, f(%)
And its weighted form is defined as given below by many authors as
n bi
Ci(P; ;W) = Ty w8 (). CEY

where P, Q e I,.
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Where f: [0, ) x (0, ) — R. (Set of real nos.) is real, continuous, and convex

functionand P = (py, py,-..., ), P; > 0,0 = (q1, Qs - .-+, q,,),q; > 0,E
I'n, where [f)l. and q, are probabilities. By properly specifying the convex

function f, several known divergences can be derived from these generalised

measures. The following weighted divergence measurements are obtained by
(1.1):

Following measure are due to (Jain and Srivastava [7]) in weighted form
(bi_qi)k+1
k
(b;a)?

E.(P;0;W)=%"_,w; k=1,3,5,7.... (1.2)

_q k1 g )2
POy =5 w B e PV sy (1)
(p;q,)2 i

We are introducing the different divergences in weighted form which are well
known in literature:

(bi"'qi)(f)i_qi)z l f)i+qi

(f)iqi) Og 2 /biqi

§*(P; Q; W) =X, wi

(due to[10]) (1.4)

n (f)f_ 12)2
Yu(Ps Qs W) = By wy —— (due to [12]) (L5)
Z(biqi)z
LP; O; W) = 7wy B o [ Rt (due to [11]) (1.6)
pitq; 2 |p;q;
R,(P;0; W) = Y7, wi% ( Renyi’s[13], second order entropy in weighted
form)
(1.7)
. 0)- _ " |bi_q-i|k+1 : :
Ac@; 0, W) =371 w; bk ,k € (0,00) (Puriand Vineze
Divergence measure in weighted form due to [9] (1.8)
n” 2f)l-
P(P; QW) = iy wi by log ()
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= weighted Relative Jensen- Shannon divergence (Sibson [14])

(1.9)

n

G QW) = 2 Wi (bi er Qi> 09 (%%)

i=1

= weighted Relative Arithmetic- Geometric Divergence (Taneja [15])
(1.10)
T(P; Q; W) =< [G(P; Q; W) + G(Q; P; )]

= |2 w () tog | R (11)

2 2\/@’

= weighted Arithmetic- Geometric Mean Divergence (Taneja [15])

n (b;+a)b;— i)z

= Symmetric weighted Chi — square Divergence (Dragomir &others [4])

JR(P; QW) = 2[F(P; 0 W) + G(P; 0; W)] = Sy wi (B, — ) log (P2

(1.13)

= Relative weighted J- Divergence [3]

2
P 0iw) = 1222, wi b, - /) (1.14)
= weighted Hellinger Discrimination [5]

n (bi_qi)z

= Weighted Triangular discrimination [2]
Except above all we get below weighted divergence due to Jain and Saraswat

[6]

* B, (N). — 2 (b;—a*" (b;—ay? _
Nk('P, Q, W) = Zi:l Wi (bi+q-i)2k_1 exp (bi+qi)2 , k=1,23.... (1.16)
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1. Well Known Inequalities

The following inequalities are well-known in the literature of both pure and
applied mathematics, and they are crucial for demonstrating a number of
intriguing and significant findings in information theory.

1+ e<e®<1+ceef ,€>0 (2.1)
€
Toe s log(1+¢)<ce , €0 (2.2)
I11. Relations Among Various Weighted Divergence Measures

Now, using inequalities (2.1) and (2.2), we will establish bounds for some
measures in terms of other weighted divergence measures as well as other
significant and fascinating relationships between various divergence measures.

Proposition 1: -Let P, Q e I,xI;, then we have

Ne(@;0;W) - Ny B0 W) < Ay, (P05 W) (3.1)
Ao (P; QW) < Ny (PO W), k=1,23.... (3.2)
Proof: -Put
_ (bi_qi)z -
€= 67,7 in (2.1) we get
(p;—ap? (-’ (bi-90*  (p—q)

1+t =2 < i < 1+t L
bt — P Bb+a)’ ~ ~ Brap? op (b +a)’

H (bi_qi)Zk _ . H—

Now multiply by  w; Baq)h T k=1,2,3.... ,addingover all i = 1to»
n ) (bi_q_i)Zk n _(bi_qi)2k+2 < n ) (E’i_q_i)Zk ex (bi_qi)z
=17 (b +q,)2k1 =1 i (p rqzkrt = “i=1 i (p yqy2k-1 P (f 1q2

" (b;—a)%* » (b;—ap**?  (p;~q,)?

S 2i=1 Wi W + i=1 Wi (bi+qi)2k+1 exp (bi_l_qi)z

Then

A1 (P Qs W) + Ay 1 (P;Q; W) < Np(P; Qs W) < Ay, (B0 W) +

Nier1 (P; O; W) (3.3)

From 2nd & 3" part of above we get (3.1) & from Ist & 3", we have (3.2).
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For k=1,2,3.... We get given below (from (3.1) & (3.2) )
Fork=1, Nj(B; Q; W) - N3(B; ;W) < 4,(B; Q; W) = A(B; ;W) (3.4)
A;(P; QW) < N(P;0;w)
Fork=2,N,(P;Q; W) - N;(P; O; W) < 4;(P;Q; W) &
As(P; Q; W) < N3(P; O; W)
Fork=3,N;(P;Q; W) -N,(P;Q; W) < A (P;Q; W) &
A,(P;Q; W) < N,(P;Q; W) andsoon...
Proposition 2: -Let P, Q e I,xI}, then we have
J.B;ow) - J.,,@:0:;w) < E.(B; ;W) & (3.5)
Evi2(P;0; W) < ], (P; O; W) where k=1,3,5,7.... (3.6)
Proof: - Put

— (bi_qi)z
b,

2 —q )2 —a.)?
+(b -q;) < ex (f’l q;) < 1_._(bi q;) ox (f) ql)

by — P ha; b ba,
(b, q)"“
(f)-ql

T [(Fhas q)"“ (p;—q)**? W, (b-a™*  (B;-ay?

i=1 +Z —k+2S l 1 7 €xXp ba
(b; ql)z (ba) 2 (p,q)? i%
(b'_qi)k+3 (bi_qi)z

(b ql)"“ ;
+Z k+z €XP p.q.
®; q) (biqi) 2 i

in (2.1) we get

1

Now multiply by w; , k=1,3,5,7.... adding over all i = 1to »

< disaw

Then
Ex(P;0;W) +Ei(P;0;W) <J (P 0;W) < Ep(P;Q0;w)+
]Z+2(P; Q; W)
From 2nd & 3" part of above we get (3.5) & from Ist & 3, we have (3.6)
For k=1,3,5,7.... We get given below (from (3.5) & (3.6) )
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Fork=1, J;(®;0;w) - J;(B;0;w) < Ei(P; O, W) &
Es(®;Q;w) < J,(P;0;w)

Fork=3, J.(P;O; W) - J.(P;O; W) < E3(B;0; W) &
Es(P;O;w) < Jo(P;0; W) andsoon.....

Except from Ist &2™ part of (3.7) we get

E;®;0:;w) < J,(B;0;w) (3.7)
Proposition 3: -Let P, Q e I},xI;, then we have
Y(@;0;w) 2E1(P;O;w) <s*(P; 0, w) & (3.8)
ST @ 0;W) +y@;0; W) < ym(P;O; W) (3.9)
Proof: - Put

b~
= <‘F—\/_q)in (2.2) we get
2 Jo,
() :
2 |Pi bl i bl_ i
—Jﬁ <log(1+\/7\/q_ )Sfﬁ then
(o) 2 bic, 2 b

pra, | Peracz P
pi+a, =109 2\/;%1' - 2\/@

H (bi'l'qi)(bi_qi)z
Multiply above by w; 6.y

&

, adding over all i = 1to »

» (b+a)(p-q? Pt 2P <y (Pita)(bi=a)* b, +q,
=W, B+ =T, "I\ e,
q‘l q4l q‘l 2 f)lql
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(B (b-ap? Pt a2 P,

Wl

(f’i+qi)(f’i_qi)2 (bi_qi)z
—2Yi=1W;

b0 o <S* ;0w

o, B8P G (B0’
< Xi=1Wi 3~ Li=1Wi 6.0
Z(E’iqi)z L

SO

W)-2E1(P; O; W) < S*(R; O; W < ym(P; O; W)-¢(P; O; W)
(3.10)

From Ist & 2nd part of above we get (3.8) & from 2nd & 3", we have (3.9)
If we add (3.8) & (3.9) we get

29(@; 0; W) <yuP;Q;w) +2E1(P; Q; W) (3.11)
From 2nd & 3™ of (3.10) we have

S*®OW <ym(P; Q; W) (3.12)
From (3.8) & (3.12) we have

Y(@;0;w) 2E1(@; 0; W) < S*(P;0; W) < ym(P; Q; W) (3.13)

Proposition 4: -Let P, Q e I},xI;, then we have

LP; ;W) + AP0 W) < SE1(P; 0 W) & (3.14)

A(P; O;

biqi(bi_qi)z

Proof: - Put

W) < L(P, Q; W) + 2 Zi:l Wi W (315)
({pva)
£ = ————1in (2.2) we get
2 |b;q
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bi+qi_2\/ﬁ p;+q, bi+qi_2M
bi+a, s log 2\/?%' : ZM

(b, ql)2

b+

(b~a? Pit 2 Pi% (b;-qy)? b.+q;
=i p gy T Bt = X Witp gy 109 g
it it 2 |p,q;

Multiply above by w; ———, adding over all i = 1to »

< Y7 w; (b;—ay? bi+qi_2\[@
— &Li=1 l(f)l.+CLl-) 2\/@

Then
Y (f) ql)z Y f’iqi(f’i_qi)z
=1 Wi p 1) Wi ey = LB O W)
1 n w; (pi_Qi)Z _ 7w (bi_qi)z
—_ 2 i=1 f)q =1 l (bl+ql)
Then

’f)iqi(f)i_qi)z 1 s
A®; Qs W)-2 Xy Wi < LB O W) < S Ei (P O; W)-
A(P; Q; W) (3.16)

From Ist & 2nd part of above we get (3.15) & from 2nd & 3™, we have (3.14)

Also, from (3.14) we have
AP; ;W) < -E3(P; 0 W) (3.17)

Proposition 5: -Let P, Q e IxI;, and ¥7_, w; p, = ¥7_; w; q, = 1 ,then we
have

A®P; O; W) <h@®@P;0;Ww) < T(P;0; W) (3.18)
ACP; O; W) + h(P; O W) < 23w, & ;‘UZ (3.19)
i%
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A®; O, W)+ T(P; 0; W) Si LW (b +a)” (3.20)

I

Here A(P;O; W) = Y7, w; (b izqi) =1= Weighted Arithmetic mean divergence

Proof: - Put

ff‘

f)lqi

in (2.2) we get

i +q, bita;-2 [P,
— N < <
bi+a, 2 |bq; 2 |bya;

p;+q;

Multiply above by w; ( ) adding over all i = 1to »

2 bi+a; 2 |p,q,

luwf_ff<T@Om_—z (B

WP Q; W) < T(P; QW) < 23, w, BEY7 g (3.21)
b;q;

From 2nd & 3" part of above we get (3.20) & from Ist & 3", we have (3.19)
Except these from (3.19) & (3.21) we have

AR; O; W) <23, w, PLY (3.22)
b;a;
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WP Qs W) < 23, w, PL (3.23)
b;q;
& hw@®@;0;wW)< T®;0;w) (3.24)
Now (3.22) - (3.23), we have
AP; ;W) —h(P;0; W) < 0,50 AP; O; W) < h(P; Q; W) (3.25)

From (3.24) & (3.25) we get (3.18)

Proposition 6: -Let P, Q e ILxI, and X7, w; p, = ¥7_; w; q, = 1 ,then we
have

G(Q;P; W) = - - log2 (3.26)
log2 + G(Q; P; W) < RZ(P O;W)+1] (3.27)
Proof: - Put

b,

= i in (2.2) we get

b, (bi+qi) b,
< L) < I
pi+a; — log QG /)

~

p;+q,

Multiply above by w; ( ) adding over all i = 1to »

o (59 <3 (59 o (%) 25 (59

p;+q; 2q, q;

s (%) slog2 1w <@;h>+z w (P52 tog (557)

2q,

< Xi-a Wi 2% +Y W (%) , then
—< log2 +G(Q; P; W) <! RZ(P O;wW)+1] (3.28)

From Ist & 2nd part of above we get (3.26) & from 2nd & 3", we have (3.27)

Proposition 7: -Let P, Q e LLxI, and Y7, w; p, = ¥7_; w; q, = 1 ,then we
have
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log2-F®;0;w) <A®P;Q; W) (3.29)
“H®;Q;W) + F(P;Q; W) < log2 (3.30)

Here A(P;O; W) = Y7, w; (@) =1= Weighted Arithmetic mean divergence

&HEP;0;wW) =Y~ 2% = Weighted Harmonic mean divergence

Proof: - Put

= % in (2.2) we get

b, (f’i+qi) b,
i < YiTU)
pi+a; — log aQ /7 q

Multiply above by 2w;q;, , adding over all i = 1to »

b, (b;+q; b,
b+q, < XL 12WlCLllog (T)) <> 12qu-1q then

1

Zin=1 2 qul

H®P;Q;W) <2 log2¥i_,w;q,- 2 XL, w;q,log ([)+ ) 2% wib,
HP;Q; W) <2log2-2FQ;P;w) <2
After changing P& Q, we get
HP;0;w) <2 log2-2F®;0;W) <2 (3.31)
From Ist & 2nd part of above we get (3.30) & from 2nd & 3", we have (3.29)
Some Relations: because

HP,OW) < ¢*B;0,W) < NP;Q; W) < A(P; O; W)
<R®@P;0;W) <S@®;0;,w) <c®;0;w) (3.32)
It is well known inequalities in literature.

With the aid of the aforementioned inequalities, we can now obtain a few other
significant relations between distinct divergences, and these are as follows.

1. from (3.18) & (3.32) , we have
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HP, QW) < ¢*P;0; W) < N®; O; W) < AP;O; W) < h(P;O; W) <
T(®;0;W) (3.33)

2. from (3.29) & (3.32) , we have

log2-F(@;Q;W) <A®;Q; W) <R®;Q;W) <S®;Q;W) <C@Q; W)
(3.34)

3. from (3.18) & (3.29) , we have

log2-F(P;0;w) <A®P;Q;w) < h(P;Q0; W) < T(P;Q; W) (3.35)

4. do (3.27) -(3.29), we get

GO P W) + F(Q; P W) < [Ry(P; QW) + 1] - A(P; O3 W)

1.e.2A(P; O; W)+2[G(Q; P; W) + F(Q; P, W) < Ry (P;0; W) + 1

.8, 2A(P; Q; W)+ Jr(P;Q; W) < Rp(P; 0, W) +11 (3.36)

5. from (3.4), (3.7) & (3.17), we get

Ni(P; O; W) - No(P; Q; W) < AP; ;W) < SES(P; O W) <], O W)
6. from (3.4) & (3.14)
Ni(P; Q; W) - N(P; O; W) < A(P; ;W) < S ES(P; Q; W) - L(P; O; W)
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